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We re-advocated the conjecture of indistinguishability between the quantum fluctuation observed
from a Rindler frame and a real thermal bath, for the case of a free massless scalar field. To clarify the
robustness and how far such is admissible, in this paper, we investigate the issue from two different
non-inertial observers’ perspective. A detailed analysis is being done to find the observable quantities
as measured by two non-inertial observers (one is Rindler and another is uniformly rotating) on the
real thermal bath and Rindler frame in Minkowski spacetime. More precisely, we compare Thermal-
Rindler with Rindler-Rindler and Thermal-rotating with Rindler-rotating situations. In the first
model it is observed that although some of the observables are equivalent, all the components of
renormalised stress-tensor are not same. In the later model we again find that this equivalence is
not totally guaranteed. Therefore we argue that the indistinguishability between the real thermal
bath and the Rindler frame may not be totally true.
PACS numbers:
I. INTRODUCTION
General relativity and quantum field theory are the
two pillars of modern physics and their coupling led to
great challenges which are yet to yield a fully satisfactory
solutions. One of them is the study of quantum field the-
ory in curved space-time which led many researchers to
take interest in it. One such topic is the well known
Unruh effect which has great importance to understand
the Hawking effect [1]. In 1976, Unruh showed that even
in flat space-time the particle content of the state of a
quantum field is an observer dependent notion [2]. An ob-
server moving with uniform proper acceleration through
Minkowski space-time would see the Minkowski vacuum
as a thermal bath of particles, characterised by a tem-
perature T = a/2pi, where a is the proper acceleration of
the observer (see [3] for a review on this topic).
The origin of the effect in the zero-point fluctuations
of the quantum field which are present even in vacuo has
been investigated in [4]. It has been observed that for a
detector at rest, the excitations due to zero-point fluc-
tuations are precisely canceled by its spontaneous emis-
sion rate and the Lorentz invariance of the vacuum state
ensures that there is still no net excitation for uniform
motion. But for the accelerated detector, the correla-
tions in the zero-point fluctuations of the field along the
detector’s world-line plays the major role in the detec-
tor’ s response function (we shall see this later) which is
no longer being balanced by its own zero-point fluctua-
tions. The detector consequently clicks. The same thing
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also being investigated by calculating the renormalised
stress-tensor of the fields. Since < Tab > vanishes in the
Minkowski frame, it must vanish in the Rindler frame as
this quantity is a covarint object. This exactly has been
shown in literature (see also [5, 6] for more details).
Apart from understanding this from the accelerated
detector’s perspective [7–9], recently it has been observed
that the force due to radiation as measured by the ac-
celerated frame satisfies quantum fluctuation-dissipation
theorem [10]. This observation is quite analogous to the
Brownian motion of a particle in a real thermal bath.
This led to the conjecture that the vacuum fluctuations
seen by a uniformly accelerated observer (Rindler) is
equivalent to the thermal fluctuations seen by a static
observer in thermal background 1. A much more deeper
analysis of this effect has been investigated. It has been
observed that Unruh effect is a microscopic effect rather
than a macroscopic one [12]. Moreover, such a scenario
is due to the systematic quantum effect induced by the
local coupling between the vacuum and the thermometer
[13].
In order to test such indistinguishability between the
quantum fluctuation seen by a non-inertial observer and
the thermal fluctuation seen by an inertial observer in
thermal bath and how far such is valid, one must study
this issue more deeply. In this paper, we try to under-
stand how quantum fields behave in a real thermal bath
and whether it can mimic all the phenomena from the
1 Similar findings have also been obtained for conformal vac-
uum, seen by the comoving observers, in the case of de-Sitter
(dS) Friedmann-Lamatre-Robertson-Walker (FLRW) Universe.
An extension to (1 + 1) Schwarzschild black hole revels that
the particles in Kruskal and Unruh vacuum states, seen by
the Schwarzschild static observer, exhibits same fluctuation-
dissipation theorem (see [11] for details).
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2perspective of a non-inertial observer by computing dif-
ferent observable quantities. More precisely, we are inter-
ested to examine if another non-inertial observer see the
same phenomenon when it looks the real thermal bath
and the Rindler frame in Minkowski frame, respectively.
Naturally the question arises whether both the situations
can produce identical observables with respect to the fi-
nal same non-inertial frame.
There have been recent studies in this direction. In [14]
it has been shown that the reduced density matrix for a
Rindler observer (with acceleration a) in thermal bath is
symmetric under the interchange of temperature of the
bath and T = a/2pi; thereby implies such indistinguisha-
bility. Calculation was based on the Unruh modes and
has been further elaborated in [15]. Subsequently, the
particle number, seen by the Rindler frame in thermal
bath, was calculated. Later the same authors demon-
strated that the particle number seen by the Rindler-
Rindler observer in the Minkowski vacuum is identical to
this value [16] with the bath temperature is identified as
the temperature perceived by the first Rindler frame. In
this analysis they studied both particle number compu-
tation by Bogoliubov technique and detector response.
This result shows that one can use Davies-Unruh bath as
a proxy for a real thermal bath not only for the initial
stage, but also for the next stage where the observer is
Rindler one.
Under this circumstances, the most natural question
one has to address is to find the robustness of this par-
ticular conjecture. Particularly, one needs to investigate
if the indistinguishability is still valid with respect to any
other non-inertial observer. Moreover as we shall see later
that the systems (Rindler frame in Minkowski spacetime
and real thermal bath) seen from Rindler frame is not
in thermal equilibrium. Therefore, to be more sure of
such resemblance, we need to concentrate on more ob-
servables. Our aim of this paper is precisely the same.
Here we concentrate on two different models to study
this issue. In first example we re-investigate the com-
parison between the Rindler frame in thermal bath and
the Rindler observer in Rindler frame. We observe that
the Green function for the thermal-Rindler case and that
for the Rindler-Rindler case are not invariant under time
translation and so both of them are not in equilibrium.
In that case the thermal flux which is basically the num-
ber of particles per unit area is the good quantity for
measurement. To measure the thermal flux we adopt the
idea of computing the renormalised expectation value of
stress tensor of that system in null coordinates. How-
ever, we notice that for both the cases the results are not
exactly the same.
Finally, we explore this phenomena with another in-
teresting model introducing rotating frame in a thermal
background and shall compare the results with a Rindler-
rotating observer. The aim is to find the validity of the
indistinguishability with respect to another non-inertial
observer other than Rindler. So far we know this has
not been investigated in this regard. However, we notice
that the Wightman function for the thermal-rotating ob-
server is time translational invariant, whereas that for
the Rindler-rotating observer is not. We find that this
has an impact on the observables in these two situations
and interestingly, all of them are not exactly identical.
The implications are finally discussed.
The organization of the paper is as follows. In the
following section; i.e. Section II, we provide the expres-
sion of thermal Green’s function in position space both
in (1 + 1) and (1 + 3) spacetime dimensions. A brief
description of the detector response is also included in
the later part of the same section. These will all provide
the main basis of main analysis. Sections III and IV are
devoted to calculate different observable quantities for
a Rindler observer in real thermal bath and in Rindler-
Rindler frame, respectively. In Section V, we introduce
a rotating observer in real thermal bath and find out
the detector response function for this case. In the next
section, we provide a comparative description of the de-
tector response for a Rindler-rotating observer. Finally
in Section VII, we summarize our findings and draw a
conclusion of our analysis.
II. FRAMEWORK
In this section, we shall summarise the expressions
for thermal Green’s function for the free scalar fields in
Minkowski spacetime which will be used later for our
main purpose. Here the Green’s function will be evalu-
ated in coordinate space, both in (1 + 1) and (1 + 3) di-
mensions. We particularly use Cartesian and Cylindrical
coordinates. A short discussion on the Unruh detector
response will also be given for the later use of it.
A. Thermal Green’s function in Minkowski frame
The thermal Wightman function (advanced time) for
massless scalar fields in Minkowski spacetime is given by
[17]:
Gβ(X2;X1) =
∑
n
fn(X2)f
∗
n(X1)
2ωn
[ eiωnT
eβωn − 1 +
e−iωnT
1− e−βωn
]
≡
∑
n
fn(X2)f
∗
n(X1)
2ωn
∆β(T, ωn) , (1)
where β and ωn are the inverse temperature of the ther-
mal bath and frequency of the nth mode, respectively.
We used the notation T = T2 − T1 > 0 and X = (T,X).
A derivation of the above expression is presented in Ap-
pendix A by considering the thermal scalar fields as col-
lection of canonical ensemble of infinite number of Har-
monic oscillators. In the above equation, fn(X) are the
spacial part of the mode solutions of Klein-Gordon equa-
tion. Later we shall use this in different situations. De-
pending upon the case, the relevant expression for fn(X)
3will be substituted and then the sum (for continuum sit-
uation, integration) has to be performed. Let us now
evaluate this in required forms which are needed for our
main analysis.
1. (1 + 1)-dimensional spacetime
As far as we are aware of, in literature (1 + 1), dimen-
sional position space expression for thermal case has not
been explicitly mentioned. Therefore, here we shall be
little exhaustive to obtain this. Our aim is to find the
expression in Cartesian coordinates for massless modes.
For that one needs to substitute f(X) = (1/2pi)eikX and
ω = |k|, where k denotes the wave number. With this,
eq.(1) transforms to
Gβ(X2;X1) =
∫ ∞
−∞
dk
4pik
eik∆X
eβk − 1
(
eik∆T + eβke−ik∆T
)
=
1
4pi
∫ ∞
−∞
dk
k(eβk − 1)
[
eik(∆T+∆X) + eik(∆T−∆X)
]
,(2)
where ∆X = X2−X1. The above integrations are of the
following form,
I2D =
∫ ∞
−∞
dk
k
eikθ
eβk − 1 . (3)
To evaluate this, we start with the integration below,
I = i
∫ ∞
−∞
dk
eikθ
eβk − 1 , (4)
which after integration with respect to θ leads to our
required result. This can be performed by method of
complex analysis. Assuming θ > 0, one finds that the
upper half of the complex plane is relevant and so the
relevant poles which contribute to the integration are at
k = 2piniβ with n is positive integers. Then we find
I = −2pi
β
∞∑
n=1
e
−2pinθ
β = −2pi
β
1
e
2piθ
β − 1
. (5)
Integrating this with respect to θ one obtains,
I2D(θ) = − log
[
1− e− 2piθβ
]
. (6)
Use of this in (2) yields the required form:
Gβ(X2;X1) = − 1
4pi
(
log
[
1− e− 2piβ (∆T−∆X)
]
+ log
[
1− e− 2piβ (∆T+∆X)
])
.
(7)
In the limit β → ∞ the above reduces to the zero tem-
perature expression
φ(U2;U1)φ(V2;V1) = − 1
4pi
log
[
(U2−U1)(V2−V1)
]
, (8)
where U = T − X and V = T + X. A comment on
the β →∞ which leads to the zero temperature Green’s
function has been given in Appendix B.
2. (1 + 3)-dimensional spacetime
We present thermal Green’s function, both in Carte-
sian as well as Cylindrical coordinates. First let us con-
centrate on Cartesian case.
In Cartesian coordinates, f(X) = (1/2pi)3eik·X and so
it turns out to be
Gβ(X2, X1) =
∫
d3k
2ωk
eik·∆X∆β(T, ωk) , (9)
where for massless scalar we have ωk = |k|. After per-
forming the integration one obtains [18]:
Gβ(X2, X1)
=
1
8piβ|∆X|
[
coth
(pi
β
(∆T + |∆X|)
)
− coth
(pi
β
(∆T − |∆X|)
)]
,
(10)
where |X| =
√
X21 +X
2
2 +X
2
3 with (X1, X2, X3) being
Cartesian space coordinates and ∆X ≡ X2 − X1. For
completeness and clarity, we present a detailed derivation
of the above in Appendix C. This also complements the
existing calculation, done in [18]. For consistency check,
if one takes β →∞ limit eq.(10) reduces to the standard
zero temperature result,
G(X2;X1) = − 1
(2pi)2
1
(T2 − T1)2 − |X1 −X2|2 . (11)
We now turn our attention the derivation in cylindrical
coordinates. From the Klein-Gordon equation in cylin-
drical coordinates (ρ, φ, z), the normalized mode func-
tions are found out to be,
fn(X) ≡ fm(ρ, kz) = 1
2pi
Jm(qρ) exp(imφ+ ikzz) , (12)
with ω2 = q2 + k2z . Here, m denotes the modes along the
azimuthal directions (i.e, the conjugate variable of the an-
gular coordinate φ), q denotes the modes functions along
ρ direction while kz is for z direction. Jm(qρ) denotes
the Bessel function of the first kind of order m. Then (1)
takes the following form:
Gβ(ρ2, φ2, z2; ρ1, φ1, z1)
=
1
4pi2
+∞∑
m=−∞
∫ ∞
0
qdq
∫ +∞
−∞
dkz
2ω
Jm(qρ2)Jm(qρ1)
× eim∆φ+ikz∆z
[
eiω∆T
eβω − 1 +
e−iω∆T
1− e−βω
]
.
(13)
We shall use the above results in the subsequent anal-
ysis.
4B. Detector response: a brief review
Thermality can be observed in theories by studying
the Detector-Response of a Unruh-DeWitt detector. The
simplest system of this kind is when one considers a
monopole like detector whose motion is described by a
classical worldline (x(τ)), with τ being the proper time
of the detector. The monopole moment of the detector
is given by µ(τ). The detector is assumed to be a two-
level system, which makes a transition from some initial
energy eigenstate |Ei〉 to a final energy eigenstate |Ef 〉,
when it detects a scalar field. Here we shall assume that
the detector is linearly coupled to the scalar field (φ(x))
with the interaction Hamiltonian being,
Hint = µ(τ)φ[x(τ)] . (14)
The time evolution of the detector’s moment is governed
by its Hamiltonian H0, whose energy eigenstate are |Ei〉
and |Ef 〉:
µ(τ) = eiH0τµ(0)e−iH0τ . (15)
The initial and final state of the whole system (detector
plus field) is taken as a tensor product of the states of
the detector and the field, i.e,
|I〉 = |Ei〉 ⊗ |0〉 ;
|F 〉 = |Ef 〉 ⊗ |1p〉 . (16)
Here, |0〉 and |1p〉 denote vacuum and one particle state
of the scalar field with momentum p, respectively. Using
this information, we can compute the first order transi-
tion amplitude of the system from its initial state to final
state,
A(E) = q
∫ ∞
−∞
dτe−iEτ 〈1p|φ[x(τ)]|0〉 . (17)
Here, E = Ef − Ei and q = i 〈Ef |µ(0)|Ei〉, which only
depends on the internal structure of the detector. From
this, we can obtain the transition probability by integrat-
ing over all possible 1-particle states of the field,
P (E) = |q|2
∫ ∞
−∞
dτ1dτ2 e
−iE(τ2−τ1)G+[x(τ1), x(τ2)]
(18)
The positive sign indicates the positive frequency Green’s
function.
In the case when the Green’s function is time transla-
tional invariant, we can perform one of the integrals by
switching to the coordinates,
u˘ = τ2 − τ1, τ¯ = τ2 + τ1 , (19)
and divide by,
|q|2T = |q|2
∫ ∞
−∞
dτ¯ , (20)
to obtain the response function of the system,
R(E) =
∫ ∞
−∞
du˘ eiEu˘G+[u˘] . (21)
The above is being used to find the response function in
different situations (see [19] for a review on this topic).
It must be emphasised that the applicability of the
above expression depends on the translational invarience
property of G+; i.e. G+ depends only on the interval
(u˘ = τ2−τ1) of the detector’s proper time. This is usually
called as stationary or equilibrium system. But if this is
not the case, known as non-stationary or non-equilibrium
system, then it is not possible to use (21). In this case a
complete analytical analysis of detector’s response may
not be always possible and consequently any conclusion
may not be drawn. Of course, it is aways possible to
calculate a finite time Detector response which is given
by [20, 21]
R(E) = 2
∫ 0
−∞
du˘ Re
[
e−iEu˘ WR(τ1, u˘)
]
, (22)
where WR(τ1, u˘) is the regularized Wightman function.
This can be used to see the features of the non-stationary
situations. We shall keep this in mind to discuss our main
purpose of the present paper.
III. RINDLER OBSERVER IN THERMAL BATH
We now consider one of our primary example for under-
standing quantum effects from a non-intertial frame. The
first example that we consider, is a Rindler observer, who
is moving through a thermal bath, with an uniform ac-
celeration. This model has been studied earlier not only
in the perspective of Unruh detector [16, 22], but also
the calculation of particle number, seen from Rindler ob-
server, has been done [14, 15]. Consequently it has been
argued in [15] that both ways yield the same result. In
the second calculation the authors used the Unruh modes
to mimic the thermal particles in the Minkowski space-
time while in the earlier one they used the Minkowski
modes in determining Green’s function. Therefore com-
parison of these two results may not give the complete
story. Keeping this in mind we here calculate everything
on the basis of the Minkowski modes which is much more
natural to study the present issue 2.
In this section, we revisit this model to deeply investi-
gate different quantities from the perspective of Rindler
observer. For simplicity, the calculations, in this section,
are confined in (1 + 1) spacetime dimensions. The co-
ordinate transformations from Minkowski to Rindler are
2 A similar ideology has also been mentioned, although not done,
at the last paragraph of the paper [14].
5given by
T =
eaX
a
sinh(aT ) ;
X =
eaX
a
cosh(aT ) ,
(23)
and under this the Rindler metric takes the form
ds2 = −dT 2 + dX2
= e2aX (−dT 2 + dX 2) . (24)
A. Particle number
The standard methodology for establishing the phe-
nomenon of particle production in quantum field theory,
is the evaluation of the number operator in a particular
frame of reference. Since the fields can be represented
by infinite collection of Harmonic oscillators (HO), we
evaluate this by considering these oscillators immersed
in a thermal bath of inverse temperature β, which shall
mimic the effects of a free scalar field at finite tempera-
ture. Given this similitude, we study the particle spectra
(number operator) as seen from an uniformly accelerating
observer’s (acceleration = a) perspective, who is moving
through the scalar field (HO) placed in that thermal bath.
In the initial computation that we carry out, we shall as-
sume that the system is in thermal equilibrium and use
the tools of equilibrium statistical mechanics. The quan-
tity of interest for our calculation then becomes,
〈N〉β =
1
Z
∫ ∞
0
dP
2P
∞∑
n=0
〈n|b†P bP e−βHω |n〉 . (25)
Here, bP and b
†
P are the annihilation and creation opera-
tors from the Rindler observer’s perspective, respectively.
Hω = (a†a)ω is the Hamiltonian of the single Harmonic
oscillator, with a and a† are its annihilation and creation
operators. Z indicates the Partition function given by
Z =
∑
n 〈n|e−βHω |n〉. Evaluation of (25) is straightfor-
ward. We present this in Appendix D, which yields
〈N〉β =
1
4
∫ ∞
0
dP
P
[
2fa(P )fβ(ω)+ fa(P )+ fβ(ω)
]
, (26)
where fβ(k) = (e
βk−1)−1 and fa(k) = (e2pik/a−1)−1 de-
note the Bose-Einstein factors. The same result was ob-
tained in [15] by constructing the thermal density matrix
which is being found by integrating out the left modes.
There the authors have used the Unruh modes to evalu-
ate the thermal density matrix. On the contrary here we
have used Minkowski modes and hence the Minkowski
Hamiltonian to evaluate the particle number perceived
from the accelerating observer. Although our present
procedure is similar in idea with the existing one, but the
quantity is slightly different as it has been constructed
differently. The significance of appearance of each term
is discussed in [15].
Let us now make some comment on this way of evalu-
ating the particle number. Although this is a simple and
interesting result, an issue is there as one used the tech-
niques of equilibrium statistical mechanics. To see this,
we shall use the Rindler-Null coordinates,
U = T − X , V = T + X (27)
In this coordinate system, the metric transforms to,
ds2 = −e2a(V−U)dUdV . (28)
Interestingly, in these coordinates the Green’s function
decomposes into two parts: one corresponds to outgoing
mode and other one is for ingoing modes. The explicit
expression is
Gβ(U2,V2;U1,V1) = 〈φ(U2)φ(U1)〉β + 〈φ(V2)φ(V1)〉β
(29)
where,
〈φ(U2)φ(U1)〉β = −
1
4pi
log
[
1− e 2piaβ
(
e−aU2−e−aU1
)]
;
〈φ(V2)φ(V1)〉β = −
1
4pi
log
[
1− e− 2piaβ
(
eaV2−eaV1
)]
.
(30)
Note that the above is not time translational invariant in
proper frame of observer and hence from the accelerated
observer’s frame the system is not in thermal equilibrium.
Therefore a question arises on the viability of the above
obtained result.
B. Components of renormalised energy-momentum
tensor
We observed that there exists a problem in the evalua-
tion of number of particles and therefore it is not a good
quantity to use for our later purpose. In this situation
a better idea for the number of quanta emitted, can be
obtained from the thermal flux as perceived by the ac-
celerating observer. The flux is effectively the number of
particles emitted per unit area. The measure of this is
best understood, when we study the expectation value of
the stress tensor of the system in the null coordinates,
given by eq.(27). Using the value of Green’s function in
these coordinates (see, eq.(30)) and the covariant expres-
sion of the energy-momentum tensor for massless scalar
fields in (1 + 1) dimensions,
Tab = ∇aφ∇bφ− 1
2
gab∇cφ∇cφ , (31)
we have a general formula for the renormalised energy-
momentum tensor in a background described by the met-
ric,
ds2 = C(U ,V)dUdV . (32)
6It is expressed in terms of the contribution arising from
the normal ordered value of the stress tensor and the con-
tributions arising from the parallel transport along the di-
rection of point splitting (which is necessary to maintain
the expectation values of the stress tensor covariant3.),
〈T ba [gcd(x)]〉ren =
√−g 〈T ba [ηcd(x)]〉+ θba . (33)
Here 〈T ba [ηcd(x)]〉 is the renormalised stress tensor corre-
sponding to flat spacetime ηab, can obtained by perform-
ing a simple point splitting as described in Appendix E
and θab is the term which ensures covariance. The com-
ponents of this term are given by
θUU = −
(
1
12pi
)
C1/2∂2UC
−1/2 ,
θVV = −
(
1
12pi
)
C1/2∂2VC
−1/2 ,
θUV = θVU = 0 .
(34)
For the present case C is given by C = −e2a(V−U). Con-
sequently, we have
θUU = − a
2
48pi
, θVV = − a
2
48pi
. (35)
Since the first term on the right hand side of (33) arises
from the normal ordered expansions, for the ease of nota-
tions, we shall describe it with 〈: T ba (x) :〉 . Evaluating
the same for this case (where we should keep in mind
that the expectation values are to be taken in the ther-
mal state) we get,
〈TUU (U)〉β Ren= 〈: TUU (U) :〉β + θUU
=
a2
48pi
+
pi
12β2
e−2aU + θUU =
pi
12β2
e−2aU ;
〈TVV(V)〉β Ren= 〈: TVV(V) :〉β + θVV (36)
=
a2
48pi
+
pi
12β2
e2aV + θVV =
pi
12β2
e2aV ,
while 〈TUV〉β vanishes trivially (see Appendix E for de-
tail derivation of these expressions including the normal
ordered expressions 〈: TUU :〉β and 〈: TVV :〉β). These are
the Renormalized stress-tensor components for the scalar
field immersed in a thermal bath, when seen from an ac-
celerating frame of reference. We see that in the standard
limits, either a → 0 or β → ∞ leads us to the expected
standard results. By this we mean that upon taking the
a→ 0 limit, we recover the expected result for the stress
tensor of a scalar field in thermal bath; and the limit for
3 See Chapter 6 of [19] for details. Typically for curved spacetime
this expression also has a factor containing the Ricci Scalar, but
since we are dealing with the case of flat spacetime, that term
naturally vanishes.
β →∞, gives us vanishing components which is expected
at zero temperature in flat spacetime. The first compo-
nent of eq. (36) represents the outgoing flux whereas the
later one is related to ingoing flux.
Let us now concentrate on the first part of the above
equations which are arised from the normal order expan-
sion. We see that these not only contain the standard
factor of a2/48pi, but also contain a spacetime dependent
term. The last terms in these (i.e. second terms of the
above equations) are arisen due to the already existing
particle in the thermal bath. This can be understood
in the following way. In Minkowski frame in presence of
thermal bath we have 〈: TUU :〉β = pi/(12β2). With re-
spect to the accelerated frame this will be transformed
to the second term of the above equation which can be
checked by using tensorial transformation of 〈: TUU :〉β
under Rindler transformation of coordinates. This tells
that the first terms are purely due to the Unruh ef-
fect. The appearance of this spacetime dependence is
due to the lack of time translational invariance of the
Green’s function eq. (30) which again signifies the non-
equilibrium situation of the system. Moreover, the first
expression of the above does not have any resemblance
with the particle number (26) which one should expect.
It implies that the application of the equilibrium statis-
tical method in preceding subsection is not justifiable.
Before finishing this section, let us mention about the
detector response for this case. It has been discussed
in the previous subsection that the Wightman function
is not time translational invariant in the proper Rindler
frame. Therefore, one can not use (21) for analytical dis-
cussion of detector response since it crucially depends on
the time translational invariance of the Wightman func-
tion. This is also pointed out in [22]. Of course, one can
study the finite time detector response function (22) in
this case. But we leave out this discussion in this paper.
IV. COMPARISON WITH RINDLER-RINDLER
CASE
In the previous section, we considered a Rindler ob-
server moving through the thermal bath. In literature, it
has already been established that the spectrum as per-
ceived by a Rindler observer, is the same as that of a ther-
mal bath. To rigorously establish this, one must compute
proper observables and show that they give physically
consistent results. With this spirit we also want to in-
vestigate how far such an indistingusibility between real
thermal bath and quantum fluctuations in non-inertial
frame exists. For that let us now compare the thermal-
Rindler situation with Rindler-Rindler case. In this sec-
tion, the Rindler-Rindler case will be discussed.
The Rindler-Rindler trajectory deals with an accelera-
tion “on top of another acceleration”. By this, we mean
7give another set of transformations in (23) of the form:
T = e
a2x
a2
sinh(a2t)
X = e
a2x
a2
cosh(a2t)
(37)
Note that we have used a different value of acceleration
for both the two separate transformations, a1 and a2.
This leads to the following form of the metric:
ds2 = e2
a1
a2
ea2x cosh(a2t)e2a2x(− dt2 + dx2) , (38)
where the acceleration a1, takes us from Minkowski to
Rindler, and a2 takes us from Rindler to Rindler-Rindler.
Evaluating the two point correlation of the Rindler-
Rindler fields squeezed between the Minkowski vacuum,
we get,
〈φ(u2, v2)φ(u1, v1)〉M = 〈φ(u2)φ(u1)〉M + 〈φ(v2)φ(v1)〉M
(39)
Here, (u, v) are the Rindler-Rindler null coordinates, de-
fined as
u = t− x; v = t+ x , (40)
and 〈· · ·〉M denotes the expectation value taken between
the Minkowski vacuum. The values of the quantities on
the right hand side are given by,
〈φ(u2)φ(u1)〉M
= − 1
4pi
log
[
1
a1
{
e
a1
a2
e−a2u1 − e
a1
a2
e−a2u2
}]
;
〈φ(v2)φ(v1)〉M
= − 1
4pi
log
[
1
a1
{
e
a1
a2
ea2v2 − e
a1
a2
ea2v1
}]
.
(41)
The above expressions are obtained by using two consec-
utive Rindler transformations in (8). Thus, from eq.(30)
and eq.(41), one can easily observe that, at the level of
the Green’s function, the Rindler-Rindler case is very dif-
ferent from that of the Thermal-Rindler. To perform an
explicit check of the equivalence of the two systems, one
must compare some of the observables measured in the
theory. The simplest of these include the Number oper-
ator, the Flux and the Response function. However, we
easily see that the Green’s function obtained in (41) is
also not time translationally invariant. Thus, we again
face similar issues like in the case of the Thermal-Rindler
Green’s function. Thus, for comparison we compute the
Flux of the outgoing modes of the scalar field in this
spacetime and then compare it against eq.(36).
From eq.(33), we can obtain the value of the renormal-
ized Stress-Tensor of the outgoing and in-going modes
as,
〈Tuu(u)〉M = 〈: Tuu(u) :〉M + θuu
=
a22
48pi
+
a21
48pi
e−2a2u + θuu = 0 ;
〈Tvv(v)〉M = 〈: Tvv(v) :〉M + θvv
=
a22
48pi
+
a21
48pi
e2a2v + θvv = 0 . (42)
where θuu and θvv are given by
θuu = −a
2
1e
−2a2u + a22
48pi
, θvv = −a
2
1e
2a2v + a22
48pi
. (43)
These are calculated from the expression (34) for the met-
ric (38), expressed in null coordinates. The one that we
have chosen preserves the covariance of the stress tensor,
as described in the previous section, and cancels with the
other term in the equation above, resulting in the final
renormalized value to be vanishing. A detailed discussion
is given in Appendix E. It is clear that if one recognises
a1 =
2pi
β and a2 = a, we exactly get the same result for
the normal ordered stress tensor components as given in
eq.(36). However the complete renormalized stress ten-
sor doesn’t match as expected. This is an important
consistency check, because it is not immediately obvious
from the structure of the two Green’s functions (eq.(30)
and eq.(41)), that they would lead to the same normal
ordered stress tensors. Here, like earlier, appearance of
two terms is due to the same reason. The first Rindler
frame sees the Minkowski vacuum as thermal which with
respect to the second Rindler frame transforms to the last
terms of the above expressions. While the first terms ap-
pear as if the second frame has an acceleration a2 with
respect to the first one.
The breakage of time translational invariance in the
system, on going to the proper frame of the Rindler-
Rindler observer (i.e, u1 = v1 = τ1, u2 = v2 = τ2) can be
seen more explicitly by computing the Bogoliubov coeffi-
cients for the Minkowski to Rindler-Rindler transforma-
tion. Using the Bogoliubov coefficients, one can evaluate
the expectation values,
〈cqcr〉M , 〈c†qc†r〉M , 〈c†qcr〉M , 〈cqc†r〉M , (44)
squeezed between the Minkowski vacuum. Here c and c†
depicts the annihilation and the creation operator cor-
responding to the Rindler-Rindler observer, respectively.
The last two in eq.(44) denote the number operator, and
can be evaluated, as done in [16]. In the standard case,
when one deals with Minkowski to Rindler transforma-
tion, it is found that 〈cpcq〉M and 〈c†pc†q〉M disappear
for positive frequencies. However, it is seen that in the
Rindler-Rindler case, this is not the case (for explicit ex-
pressions of these, see Appendix F). This distinctly shows
that there is a breakage of time translational invariance
in the system.
We evaluate the components of the stress-tensor in
both cases, directly by using coordinate transformations
8and not relying on the step-wise evaluation of the Bogoli-
ubov coefficients. Interestingly the renormalised compo-
nents do not match and hence the conjecture of equiva-
lence is not valid at this level of investigation. However,
it has been observed that first parts of (33) for both the
situations are same with the identification a1 = 2pi/β
and a2 = a. These terms can be interpreted as the
stress-tensor components for an accelerating plane con-
ductor. The same interpretation has been adopted ear-
lier in [23, 24] for an accelerated conducting plane on a
Minkowski spacetime. Therefore it must be noted that
from this point of view, this equivalence conjecture is well
satisfied, although the renormalised ones are not same.
V. ROTATING OBSERVER IN THERMAL
BATH
So far we have concentrated on thermal-Rindler and
Rindler-Rindler situations to investigate the issue of in-
distinguishability. This topic again will be explored in
another very popular model. We shall here compare the
rotating frame in the thermal bath with the Rindler-
rotating frame. For that let us start calculating sev-
eral observable quantities in this section for the case of
thermal-rotating frame. Here we found that the detec-
tor response and number of particles can be calculated.
The renormalised components of energy-momentum ten-
sor are in principle calculable, but it turns out that we
are not getting any readable expressions due to their
huge structure (not even the package in Mathematica 10
can simplify them). Moreover, since the Rindler met-
ric in four dimensions is not conformally flat, we can
not use the existing results to obtain them. Therefore
we leave this item in this paper. But it can be inferred
that the components of renormalised stress-tensor will be
non-vanishing due to presence of real thermal bath and
the contribution due to coordinate transformation must
vanish by the “vacuum polarisation” part as these are
tensorial objects. This is similar to the thermal-Rindler
case. In the next section the Rindler-rotating situation
will be discussed.
A. Detector response
Although in literature there exists discussions [22, 25]
on thermal-rotating case, here we shall investigate it in a
much more detailed way so that ultimately it servers our
main purpose. In this process some of the old results will
again be investigated, but in such a way that it will be
helpful to shed some light to our present aim. In addition,
some new aspects of this model will be explored whenever
necessary. It will be observed that the response function
can be calculated by conventional way (i.e. using Eq.
(21)) as the time translational invariance exists in the
Green’s function when expressed in rotating frame. We
investigate the current topic in Cartesian coordinates in
rotating frame. Analysis in Cylindrical coordinates is
also presented in Appendix G for completeness.
1. Rotating frame in Cartesian coordinates
The time-like Killing vectors ξa which generate rotat-
ing circular motion with respect to Minkowski spacetime
is given by [26],
ξa = (γ,−γΩY, γΩX, 0) , (45)
where Ω is angular velocity of the detector and the term
γ = (1 − σ2Ω2)−1/2 is called the Lorentz factor. The
integral curve, in terms of rotating frame proper time,
obtained from the above Killing vector, turns out to be
[26]:
x˜(τ) =
[
γτ, σ cos(γΩτ), σ sin(γΩτ), 0
]
. (46)
Here, σ is the radius of the circular path. Using these,
we have
∆T = γ(τ2 − τ1) ≡ γu˘ ,
|∆X| = 2σ sin
[
γΩ(τ2−τ1)
2
]
≡ 2σ sin
[
γΩu˘
2
]
. (47)
Substitution of the above in (10) yields the positive fre-
quency Green’s function in rotating frame:
G+β (u˘)
=
cosec
(
Ωγu˘
2
)
16piσβ
(
coth
[
pi
β
(γ(u˘− i) + 2σ sin(γΩu˘/2))
]
− coth
[
pi
β
(γ(u˘− i)− 2σ sin(γΩu˘/2))
])
.
(48)
Note that the above is time translational invariant as it
depends only on u˘. Upon taking the limit Ω → 0, this
reduces to the familiar result for the Green’s function of
a stationery thermal bath,
lim
Ω→0
G+β (u˘) = −
1
4β2
1
sinh2
[
pi
β γ(u˘− i)
] . (49)
The regulator  in the above expressions indicates a
choice of the positive frequency Green’s function.
Substituting the Green’s function (48) in (21), we get
the response function for an uniformly rotating detector
in a thermal bath. Such an integral is not doable analyti-
cally and hence, we resort to using a numerical estimate.
We also give another expression for the response func-
tion in cylindrical coordinates in Appendix G which is
sometimes very useful in certain situations. But here our
whole analysis will be done by using (48).
92. Numerical analysis
It’s time to calculate the transition probability rate
R(E) for the rotating observer in thermal bath. We have
got the detector response function for this case after sub-
stituting the thermal Green’s function (48) into Eq.(21).
However, it does not seem to be possible to evaluate it
analytically. Therefore, we solve the involved integration
numerically to understand the features. For that we use
the Mathemetica 10 package.
Here we define the dimensionless energy which is E¯ ≡
E/γΩ. Using this one finds that the dimensionless re-
sponse function R¯(E¯) ≡ σR(E¯) depends only on the
dimensionless quantity σΩ. In Figure (1) we plot the re-
sponse function E¯2R¯(E¯) with the variation of E¯ for dif-
ferent values of σΩ. We shall apply these notations in all
the plots through out our paper. One can see from Fig-
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FIG. 1: The response function of a uniformly rotating detec-
tor in cartesian coordinates has been plotted. To analyze the
results we have chosen two different values (σ Ω) = 0.35, 0.5
respectively and then compared with the response of static
case ((σ Ω) = 0). We fix inverse temperature β = 2 and
 = 0.01.
ure (1) that the distribution is similar to Planck. Note
that the peak increases as the angular velocity of the
detector increases. Moreover, the rotating detector has
always greater response than the static one. This can be
reconfirmed by the following analysis.
In the next Figure (2) we plot the ratio of the response
function for an inertial detector and an uniformly rotat-
ing detector. Here we can see that the response of ther-
mal rotating detector is almost equal with thermal static
case when σΩ has lower value, but it starts dominating
with the increase of σΩ. This concludes that they are
both equal in the non-relativistic regime i.e σΩ→ 0 but
in the ultra-relativistic regime thermal rotating response
function dominates over the static case.
Now we plot the ratio of the response functions for a
static detector in a finite temperature background and
a uniformly rotating detector with zero temperature at
its background in Fig. 3. Here we can see the detector
response for a pure rotating detector always dominates
the thermal static one in ultra-relativistic regime. But
the later one dominates for small value of σΩ. So, the
ratio sharply falls with the increase of angular velocity.
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FIG. 2: The ratio of response function between inertial(Ω =
0) and uniformly rotating detector in real thermal bath of
low temperature. The response of rotating detector is almost
equal with static case in non-relativistic regime i.e (σ Ω) → 0,
but dominating in ultra- relativistic regime i.e (σ Ω) → 1 .
Here we take β = 2 and  = 0.01
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FIG. 3: The ratio of response function between static detector
(Ω = 0) with finite temperature (β = 2) and uniformly pure
rotating detector (β →∞). The response of rotating detector
is always greater than thermal static one and it highly dom-
inates in ultra-relativistic regime. The value of the regulator
 = 0.01.
Although this discussion is not needed for our purpose,
but for the sake of completeness of this section we present
this one.
In the above we numerically studied different features
of the detector response function for the case of a ro-
tating detector in a real thermal bath. Also we studied
its properties at other limiting cases. The sole purpose of
this analysis is not only understanding the response func-
tion, rather we compare this features with those for the
Rindler-rotating model to understand how similar is the
real thermal bath and the thermal bath seen from accel-
erating frame with respect to the rotating one. This will
be done in the next section. Therefore, although it seems
that the above graphical analysis contain a “limited” in-
formation; rather it actually gives us a very important
massage for the paradigm of mimicking thermal bath by
a non-inertial observer. It will help us to understand how
far one can use the accelerated frame as a “proxy” for a
real thermal bath. This topic is very important to un-
derstand the “Unruh effect” and people are investigating
this issue for different situations (for example, see [14–
10
16]). Our present analysis is completely in this direction.
B. Particle production
Now we want to calculate the particle number as mea-
sured by the rotating frame in the thermal bath. This
can be easily evaluated by relating the operators in the
rotating frame to that of the Minkowski frame [27]. De-
noting the annihilation and the creation modes in the
Rotating frame of reference by a˜, a˜† respectively, and us-
ing the relations between these with those for the static
observer, we find that the value of the number operator
in the thermal bath becomes,
〈a˜†i a˜i〉β = 〈a†iai〉β (50)
Here, the index i heuristically denotes the summation
over all the momenta modes, as we need in the case of
the number operator. The quantity 〈a†iai〉β denotes the
thermal expectation value for the number operator of a
free scalar field with respect to the static observer. This
takes the form of the well known Bose-Einstein factor
∼ fβ(i).
Let us now make some comment on this result. The ob-
tained result clearly shows that there are no new particles
produced in the case of a rotating detector, even when
it is placed in the thermal bath. Also it may be noted
that the response function of this system, obtained in the
previous section, behaves differently from this number
operator. We just observed that the response function
increases with the increase of rotational velocity of the
detector, which clearly indicates that the rotation in the
observer affects its detection. Whereas, the number of
particles detected, calculated by number operator, does
not depend on the rotational parameter.
In general, there is no reason to expect that the re-
sponse function, obtained here, will be equal to the Num-
ber operator’s expectation value. It is a coincidence, that
in even dimensional cases and for an uniformly accelerat-
ing detector, they equate to the same value and give an
indication for the thermal spectrum. If one considers a
detector moving in a different trajectory, for example, an
uniformly rotating trajectory, there is a conflict between
the number of particles detected (vacuum expectation
value of the Number operator) and the response function
[27]. For the case of a uniformly rotating detector, we
get a non-zero value for the the response function, but
the number of particles evaluates to zero. This clearly
demonstrates that the uniformly rotating detector does
not detect any real particle, but does have a finite re-
sponse. To better understand this scenario, and to see
that the rotating detector truly never registers any new
particle, her we probe a thermal scalar bath with such a
uniformly rotating detector.
VI. COMPARISON WITH
RINDLER-ROTATING CASE
In the previous section we calculated the response func-
tion for the rotating observer in thermal background.
Now in this section we shall demonstrate the calcula-
tion for a rotating observer in a Rindler frame in carte-
sian coordinates. Our aim is to compare the detector’s
response between the thermal-rotating and the Rindler-
rotating case and finally draw a conclusion. As we shall
notice that the system is completely in non-equilibrium
we shall not calculate the number of particles here. Also
we find difficulty to calculate the components of renor-
malised stress-tensor for their huge structure (even pack-
age in Mathematica 10 fails to do that) and so we leave
this for the moment. But it can be agued that all the
renormalised components must vanish as the correspond-
ing Minkowski values are zero.
A. Detector response
In order to calculate the detector response for the
Rindler-rotating observer we need to calculate the Wight-
man function in Monkowski spacetime first, which is
given by (11).
To get the expression of the Wightman function in
Rindler-rotating frame first we have to get the form of
space-time interval (∆T 2−|∆X|2) in the Rindler-rotating
frame. In the prvious section we have got the form of in-
tegral curve in terms of rotating frame proper time from
a time-like Killing vector ξa which generate rotation with
respect to Minkowski spacetime (see Eq.(46)). Now ap-
plying this rotational transformation on the space-time
interval in Rindler frame we have
∆T 2 − |∆X|2
= − 1
a2
(
e2aσ cos γΩτ1 + e2aσ cos γΩ(u˘+τ1)
)
+
(
2
a2
e2aσ cos
γΩ(u˘+2τ1)
2 cos
γΩu˘
2
)
cosh aγ(u˘− i)
− 4σ2 cos2 γΩ(u˘+ 2τ1)
2
sin2
γΩu˘
2
.
(51)
This procedure, however creates a problem as to the def-
inition of the Wightman function. As one can check
that the Wightman function for the Rindler-rotation case
which we have got is not invariant under the time trans-
lation. Therefore we need a prescription which is to com-
pute the value of the detector response for a finite time
interval. In that case we need to replace our Wightman
function by what we shall call the regularized Wightman
function which is defined by
WR(τ1, u˘) = − 1
4pi2
[
1
∆T 2 − |∆X|2 −
1
(u˘− i)2
]
, (52)
with the response function is given by (22). As it is ex-
plained in [21] that this quantity (52) is well defined as a
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function where the pole at u˘ = 0 can be avoided by sub-
tracting the extra factor (A similar regularised Wight-
man function for (1 + 1) dimensional case has been ad-
vocated in [28] for a derivative type coupling).
We solve this integration (22) numerically for a finite
time interval taking the initial proper time (τ1) to be zero
and then plot it. This is presented in figure 4. Interest-
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FIG. 4: The response function of a uniformly rotating detec-
tor in Rindler coordinates versus Energy has been plotted.
Taking the initial proper time τ1 = 0, σΩ = 0.15, σa = 1 and
 = 0.5.
ingly, we can see from Figure 4 that the response function
of a Rindler rotating detector have the Planck distribu-
tion for a finite time which is analogous to the response of
a rotating detector in a thermal bath (see Fig. 1). This
implies that both thermal-rotating and Rindler-rotating
behaves in a similar way.
However, there exists a crucial difference between the
response functions in these two situations. This will be
elaborated in following discussion. For that below we
plot the response function with the variation of the ini-
tial proper time in Fig. 5. We have found that the re-
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FIG. 5: The response function of a uniformly rotating detec-
tor in Rindler coordinates with respect to the initial time has
been plotted by taking σΩ = 0.15, σa = 1 and  = 0.5.
sponse function is reaching its peak value with a certain
periodicity which is a unique observation not found in
the case of the thermal rotation case. It can be shown
that the frequency of getting the peak value by the re-
sponse function is equal to the frequency of the rotation
of the detector which shows our calculations are correct.
One can check that the same is also evident from the
analytical expression.
Let us now explain the significance of our investigation
and how it serves our main goal. We have studied differ-
ent properties of the detector response function for two
scenarios which are the thermal rotating model and the
Rindler-rotating model. During the computation we have
found that the that the Green’s function for the ther-
mal rotating observer is invariant under the time trans-
lation but not in the case for Rindler-rotating observer.
As a result we performed the integration numerically for
the detector response for the Rindler-rotating case within
the finite time interval unlike the thermal rotating case
where we performed the integration in the time limit from
−∞ to ∞. Next, we have performed different features
of the detector response function numerically and anal-
ysed them with the graphical representations for both
the cases. The information contained in each graph it-
self may seem to be very “limited” at a first glance by
the reader but the result is interesting when one compare
these two pictorial views (Fig. 1 and Fig. 5) which shows
a clear distinction between them. But this distinction is
not quite vivid to visualise by comparing the numerical
values for both the cases. Therefore, the sharp contrast
between these graphical analysis raises many questions
about the indistinguishability between the real thermal
bath and the thermal bath seen from the accelerating
frame with respect to the rotating one. So this result
is an important one as it resonates the fact that the in-
distinguishability between the quantum fluctuation seen
from non-inertial observer and the real thermal bath it-
self may be an observer dependent statement. It will help
us to shed light on the fact that how far the accelerated
frame can used as a “proxy” for a thermal field and the
vice versa. Therefore we feel that the present graphical
analysis plays an important role to understand the issue,
which is under investigation in this paper.
VII. SUMMARY AND CONCLUSIONS
Let us now summarise what we have done in this pa-
per and discuss their implications. Our aim was to in-
vestigate the robustness of the indistinguishability be-
tween the quantum fluctuation seen by a non-inertial
observer and the real thermal bath. For this purpose,
we looked at the thermal bath and the Rindler frame in
Minkowski spacetime from a non-inertial frame. Here two
non-inertial observers have been selected: one is another
Rindler observer and other one is a uniformly rotating
observer. To obtain a comparative study, we computed
different observables in these models and compared them.
In the following we summarise our observations.
First concentrate on the thermal-Rindler and Rindler-
Rindler model. This case has been studied earlier. But,
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as stated earlier, it is needed to be looked at again. Here
we observed that at the level of the Green’s function,
the Rindler-Rindler case is very different from that of
the Thermal-Rindler case and interestingly both of their
Green’s function are not invariant under time translation.
So, the problem arises for evaluating the number of par-
ticles as it is dependent on the Green’s function. In that
case the better way is to calculate the expectation value
of the stress tensor of the system which basically tells us
the number of quanta emitted per unit area. Using the
Green’s function we obtained the value of components
of the renormalised stress tensor and found that they
differ. Although one cannot use this as a measure for
distinguishing them experimentally, it does tell us that
there is some difference between as scalar field living in
Rindler space and it living in a thermal bath. However,
at the level of normal ordered stress tensors, the two re-
sults exactly match.
Next we investigated the same in a different set up.
Here thermal bath and the Rindler frame in Minkowski
spacetime have been studied from a uniformly rotating
frame. Here again at the Green’s function level we found
these two cases are different. Although the Green’s func-
tion for the thermal rotating observer is invariant under
time translation but not in the case for the Rindler ro-
tating observer. As a result we found that the detector
response function for the Rindler rotating observer is de-
pendent on the initial proper time, whereas for the ther-
mal rotating observer it is independent of that. We plot-
ted the response function for both the cases and found
that the thermal-rotation and Rindler-rotation both give
the standard Planck distribution. But there is an ad-
ditional feature presents in the later case. The Green’s
function is not time translational invariant and there ex-
ists a certain periodicity in the response function which
is absent in for thermal bath case as the system is in
equilibrium.
To conclude, we mention that the thermal rotating case
is time translational invariant whereas Rindler-rotating
is not. Consequently detector response in first case do
not show periodicity with time while the later one does
show this. This is clearly a difference between these two.
Whereas so far we see the Thermal-Rindler and Rindler-
Rindler are equivalent in all aspects except the values of
the components of the renormalised stress-tensor. There-
fore it may be the case the equivalence between real ther-
mal bath and the Rindler frame is not totally guaranteed.
Of course, this is not a conclusive statement, rather a
suggestive one. In this regard, it must be mentioned that
even the equivalence between the accelerated frame and
the real thermal bath at the level of their own proper
frames holds only in two and four dimensions (see the
discussion below Eq. (4.2.15) in section 4.2 of [3]). Here
we observed that even in these dimensions they are not
quite similar with respect to a new set of non-inertial ob-
servers. We hope the present analysis shed some light in
this particular issue.
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APPENDIX A: DERIVATION OF EQ. (1)
Consider the expansion of a scalar field φ(T,X) in
terms of creation and annihilation operators,
Φ(T,X) =
∑
n
fn(X)√
2ωn
(
ane
−iωnT + a†ne
iωnT
)
. (A1)
The expectation value of two point function in thermal
state is give by,
Gβ(X2;X1) = 〈Φ(X2)Φ(X1)〉 = 1
Z
Tr
[
e−βHΦ(X2)Φ(X1)
]
.
(A2)
Now since the scalar field is a collection of infinite number
of Harmonic oscillators, to compute the above we choose
H = a†aωn with a (a†) is the annihilation (creation)
operator. To take the trace, we choose the energy eigen-
states of the Harmonic oscillator. Here Z is the partition
function which is given by
Z = Tr(e−βH) =
∑
n
〈n| e−β(a†a)ωn |n〉
=
∑
n
e−nβωn = (1− e−βωn)−1 .
(A3)
Using this and the mode decomposition (A1) in (A2) one
obtains Eq.(1).
APPENDIX B: FINITE TEMPERATURE TO
ZERO TEMPERATURE PROPAGATOR IN
2-DIMENSIONS
The thermal Green’s function in 2-dimensions has the
form as stated in eq. (7). It can be seen that this gives
back the conventional result for the Wightman function
in 2-dimensions for a massless scalar field at zero temper-
ature. This result however, is not directly obvious, be-
cause at face it looks as if it diverges in the limit β →∞.
However, if the limit is taken carefully, then one can see
that, upto the divergences which are encountered in a 2D
massless scalar propagator, we get back the known result
(8).
The steps are as follows. First expand the exponential
factor within the logarithmic function in (7) and keep
upto first order in 1/β. This leads to
Gβ(X2, X1) = − 1
4pi
[
ln
{2pi
β
(∆T −∆X)
}
+ ln
{2pi
β
(∆T + ∆X)
}]
. (B1)
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Now the finite term of the above is
Gβ(X2, X1) ∼ − 1
4pi
[
ln(∆T −∆X)(∆T + ∆X)
]
, (B2)
which in null-null coordinates transforms to Eq. (8).
APPENDIX C: DERIVATION OF EQ. (10)
Eq. (9) can be evaluated in the following way. Using
the spherical polar coordinate representation of momen-
tum coordinates (k, θ,Φ) and using ω = k we find:
Gβ(X2;X1) =
∫
k2 sin θ dk dθ dΦ
(2pi)3
eik|X| cos θ
2k
× 1
eβk − 1
[
eikT + eβke−ikT
]
=
∫ ∞
0
dk
(2pi)2
k
[
eikT + eβke−ikT
]
2(eβk − 1)
×
∫ 1
−1
d(cos θ)eik|X| cos θ
=
1
(2i|X|)
∫ ∞
0
dω
(2pi)2
1
eβω − 1
×
(
eiωT + eβωe−iωT
)(
eiω|X| − e−iω|X|
)
=
1
2i|X|
∞∑
n=1
∫ ∞
0
dω
(2pi)2
e−nβω
×
(
eiωT + eβωe−iωT
)(
eiω|X| − e−iω|X|
)
=
1
2i|X|
1
(2pi)2
S ,
(C1)
where
S =
∞∑
n=1
1
i(T − |X|) + (n− 1)β +
1
i(T − |X|)− nβ︸ ︷︷ ︸
S1
+
i
(T + |X|) + inβ +
i
(T + |X|)− i(n− 1)β︸ ︷︷ ︸
S2
.
(C2)
It can be shown that,
S1 = − ipi
β
coth
[
pi
β
(T − |X|)
]
;
S2 = ipi
β
coth
[
pi
β
(T + |X|)
]
.
(C3)
Substitution of this in (C1) yields (10).
Although the form of Green’s function (10) is enough
for our purpose, but for completeness we shall see that
the same can be expressed in an another useful form. For
this we rewrite S in (C1) by using ω = k as
S =
∫ ∞
0
dk
eβk − 1
[
eik(T+|X|) − eik(T−|X|)
+ eβke−ik(T−|X|) − eβke−ik(T+|X|)
]
=
∫ ∞
0
dk
eβk − 1
[
eik(T+|X|) − eik(T−|X|)
]
︸ ︷︷ ︸
I1
+
∫ 0
−∞
dk
eβk − 1
[
eik(T+|X|) − eik(T−|X|)
]
︸ ︷︷ ︸
I2
(C4)
where in I2, k has been replaced by (−k). Therefore one
obtains
S = I1 + I2
=
∫ ∞
−∞
dk
eβk − 1
[
eik(T+|X|) − eik(T−|X|)
]
.
(C5)
The above integration can be done by Complex integra-
tion technique. This has simple pole at k = (2ipin)/β
with n = 0,±1,±2 . . . . Now since here we have T−|X| >
0 and T+|X| > 0 , the contour will in the upper half and
hence one should have k = (2ipin)/β with n = 1, 2 . . . .
In this situation, the above leads to
S = −2pii
β
∞∑
n=1
[
e−
2pin
β (T−|X|) − e− 2pinβ (T+|X|)
]
= −2pii
β
[
1
e
2pi
β (T−|X|) − 1
− 1
e
2pi
β (T+|X|) − 1
]
= −4pii
β
sinh
(
2pi
β |X|
)
cosh
(
2pi
β T
)
− cosh
(
2pi
β |X|
) .
(C6)
Then the another form of Thermal Green’s function in
position space can be expressed as,
G+β (X2, X1) = −
1
2pi|X|β
sinh
(
2pi
β |X|
)
cosh
(
2pi
β T
)
− cosh
(
2pi
β |X|
) .
(C7)
APPENDIX D: DERIVATION OF EQ. (26)
One can express the creation and annihilation Rindler
operators in terms of Minkowski operators using the Bo-
goliubov transformations as,
bR =
∫ ∞
0
ds
(
αsRas + β
∗
sRa
†
s
)
(D1)
b†Q =
∫ ∞
0
dp
(
α∗pQa
†
p + βpQap
)
(D2)
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where the values of the Bogoliubov coefficients α and β
for positive frequencies are given by,
αpQ =
θ(p)
2pia
√
Q
p e
piQ/2a
(
a
p
) iQ
a
Γ
(
iQ
a
)
;
βpQ = − θ(p)2pia
√
Q
p e
−piQ/2a
(
a
p
)−iQ
a
Γ
(
−iQ
a
)
. (D3)
For simplicity in notations we have distinguished the
Rindler and the Minkowski frequencies by block letters
and small letters. a and a† denote the Minkowski cre-
ation and annihilation operators respectively and b and
b† denote the Rindler creation and annihilation opera-
tors. In order to evaluate equation (25) we let us first
find the value of 〈n|b†QbR|n〉. This can be evaluated in
the following way. Use of (D2) leads to
〈n|b†QbR|n〉 =
∫ ∞
0
dp ds
[
〈n|a†pas|n〉α∗pQαsR
+ 〈n|apa†s|n〉βpQβ∗sR
]
=
∫ ∞
0
dp
[
(n)α∗pQαpR + (n+ 1)βpQβ
∗
pR
]
.
(D4)
Now using (D3) one obtains∫∞
0
dp α∗pQαpR =
epiQ/a
4 sinh(piQa )
δ
(
Q−R
a
)
; (D5)∫∞
0
dp β∗pQβpR =
e−piQ/a
4 sinh(piQa )
δ
(
Q−R
a
)
. (D6)
Then (D4) reduces to the following form:
〈n|b†QbR|n〉 =
1
2
[
n
1− e− 2piQa
+
n+ 1
e
2piQ
a − 1
]
δ
(
Q−R
a
)
.
(D7)
Next we re-express (25) as
〈N〉β =
1
Z
∫ ∞
0
dP
2P
∞∑
n,m=0
〈n|b†P bP |m〉 〈m| exp[−βa†ωaω]|n〉
=
1
Z
∫ ∞
0
dP
2P
∞∑
n=0
〈n|b†P bP |n〉 e−nβω .
(D8)
which after substitution of (D7) leads to
〈N〉β =
1
4Z
∫ ∞
0
dP
P
∞∑
n=0
e−βωn
[
(n)(1 + fa(P ))
+ (n+ 1)fa(P )
]
δ(0)
=
1
4Z
∫ ∞
0
dP
P
eβω
(eβω − 1)2
[
fa(P )(1 + e
βω) + 1
]
δ(0)
(D9)
where we introduced notations like
fa(P ) =
1
e
2pi
a P − 1 , fβ(P ) =
1
eβP − 1 (D10)
which have the following properties
1 + fβ(ω) = −fβ(−ω), eβωfβ(ω) = 1 + fβ(ω) . (D11)
Finally, using
Z =
∞∑
n=0
〈n| exp[−βa†ωaω]|n〉 =
eβω
eβω − 1 = 1 + fβ(ω)
(D12)
one obtains Eq.(26).
APPENDIX E: DERIVATION OF EQ. (36) AND
(42)
The stress tensor is a composite operator, and upon
the naive computation of its expectation value, it di-
verges. Thus, one must follow a well-defined regular-
ization scheme in order to evaluate the expectation value
of such quantities. One of the common techniques used,
is the point-splitting method [29]. The point splitting
method can be described in the following steps:
(1) Evaluate the expectation value of the composite op-
erator by imagining it to be a non-local object, i.e,
a distribution across a few points.
(2) Carefully take the limit, where all the points (across
which the correlator is distributed) tend to a single
point.
(3) Extract the divergence piece and the finite term,
and identify the renormalized correlator.
This series of steps are better illustrated in the example
of the stress tensor, where we demonstrate the calculation
for the uu component explicitly. The other components
can be calculated by following the same procedure. The
value of 〈Tuu〉 is given as,
〈: Tuu :〉 = 〈∂uφ(u)∂uφ(u)〉 (E1)
Now, according to the first step, we first separate the two
points by a small amount, i.e,
〈: Tuu :〉 = lim
u′→u
〈∂uφ(u′)∂uφ(u′)〉 (E2)
Now, one can pull out the derivatives and use,
〈: Tuu :〉 = lim
u′→u
∂u∂u′ 〈φ(u)φ(u′)〉 . (E3)
Note that in the above, the quantity 〈φ(u)φ(u′)〉 is noth-
ing but the Green’s function expressed in that particular
coordinates. Therefore, depending on the value of the
Green’s function, we can compute the expectation value
of the Stress-Tensor explicitly. Remember that in the
15
present situation, the expectation value will be calcu-
lated in the Minkowski state from the non-inertial ob-
server. This identical procedure is exploited in obtaining
the standard results, like Rindler observer in Minkowski
spacetime or static observer in black hole spacetime (see,
for example [19]).
Thermal-Rindler: In this case, the Minkowski state
is thermal state with inverse temperature β and the
observer is the Rindler one. So we need to calculate
〈: TUU (U) :〉β = limU ′→U ∂U∂U ′ 〈φ(U)φ(U ′)〉β . Now since
we are dealing with massless scalers, the Green’s func-
tion is determined by expressing the relevant Minkowski
counterpart in the Rindler coordinates. This has been
done in (30).
Using (30) and upon carrying this computation we
have,
〈: TUU (U) :〉β = limU¯→0
[ a2
48pi
+
pi
12β2
e−2aU− 1
4piU¯2
]
. (E4)
Here we denoted U¯ = U − U ′. Finally, extracting the
finite part, we get first part of (36).
Rindler-Rindler: In this case the Minkowski state is
vacuum state and the observer is Rindler-Rindler one.
Proceeding in an exact similar manner, we would need
to evaluate,
〈: Tuu(u) :〉 = lim
u′→u
∂u∂u′ 〈φ(u)φ(u′)〉 . (E5)
The relevant Green’s function is given by (41). Substitu-
tion of this in the above yields,
〈: Tuu(u) :〉 = lim
u¯→0
[ a2
48pi
+
a21
48pi
e−2a2u − 1
4piu¯2
]
, (E6)
with u¯ = u−u′. We again see that the finite part of gives
us the first part of stress tensor (42).
In these derivations we must keep in mind that the way
the point splitting technique has been chosen, it is not
covariant. We must actually displace the second opera-
tor by an infinitesimal amount along the tangent on the
manifold, which is equivalent to writing it as a parallel
transport as explained in [19]. Doing this leads to an
additional contribution of terms like θuu, etc. in eq.(36)
and eq.(42). This has been done in the main results of
the renormalised stress-tensor.
APPENDIX F: NUMBER OPERATOR AND ALL
THAT
One can relate the creation and annihilation operators
of the Minkowski, Rindler and Rindler-Rindler using the
Bogoliubov transformations,
cq =
∫∞
0
dp
(
α(21)pqbp + β
∗
(21)pqb
†
p
)
;
bq =
∫∞
0
dp
(
α(10)pqap + β
∗
(10)pqa
†
p
)
, (F1)
where, a(a†), b(b†) and c(c†) are the annihilation (cre-
ation) operators corresponding to Minkowski, Rindler
and Rindler-Rindler, respectively. The values for α and
β, for positive frequencies are given by (D3). The sub-
scripts (21) and (10) in eq.(F1) indicate that we are deal-
ing with transformations between Rindler (1)→ Rindler-
Rinder (2) or Minkowski (0) → Rindler (1), respectively.
The Bogoliubov transformation relating the Minkowski
and Rindler-Rindler modes are,
α(20)pq =
∫∞
0
dk
[
α(10)pkα(21)kq + β(10)pkβ
∗
(21)kq
]
;
β(20)pq =
∫∞
0
dk
[
α(10)pkβ(21)kq + β(10)pkα
∗
(21)kq
]
.(F2)
Using the Bogoliubov transformations, as illustrated
in Appendix D, we find the following values.
• 〈cqcr〉M :
〈cqcr〉M =
∫ ∞
0
dp
[
α(21)pqβ
∗
(21)pr
e2pip/a1 − 1 +
α(21)prβ
∗
(21)pq
1− e−2pip/a1
]
,
(F3)
where,
∫ ∞
0
dp
α(21)pqβ
∗
(21)pr
e2pip/a1 − 1
=
∫ ∞
0
dp
e2pip/a1 − 1
(
− 1
4pi2a22
) √
rq
p
e
pi
2a2
(q−r)
×
(
a2
p
) i(q+r)
a2
Γ
(
iq
a2
)
Γ
(
ir
a2
)
=
(
−
√
rq
4pi2a22
)
e
pi
2a2
(q−r)
(a1a2
2pi
) i(q+r)
a2
Γ
(
iq
a2
)
Γ
(
ir
a2
)
× Γ
(
− i(q + r)
a2
)
ζ
(
− i(q + r)
a2
)
,
(F4)
and,
∫ ∞
0
dp
α(21)prβ
∗
(21)pq
1− e−2pip/a1
=
(
−
√
rq
4pi2a22
)
e
pi
2a2
(r−q)
(a1a2
2pi
) i(q+r)
a2
Γ
(
iq
a2
)
Γ
(
ir
a2
)
× Γ
(
− i(q + r)
a2
)
ζ
(
− i(q + r)
a2
)
.
(F5)
• 〈c†qcr〉M :
〈c†qcr〉β =
∫ ∞
0
dp
[
α∗(21)pqα(21)pr
e2pip/a1 − 1 +
β(21)pqβ
∗
(21)pr
1− e−2pip/a1
]
,
(F6)
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where,∫ ∞
0
dp
α∗(21)pqα(21)pr
e2pip/a1 − 1
=
√
rq
4pi2a22
epi(q+r)/2a2Γ
(
ir
a2
)
Γ
(
− iq
a2
)
×
(a1a2
2pi
)i(r−q)/a2
Γ
(
r − q
a2
)
ζ
(
r − q
a2
)
,
(F7)
and,∫ ∞
0
dp
β(21)pqβ
∗
(21)pr
1− e−2pip/a1
=
√
rq
4pi2a22
e−pi(q+r)/2a2Γ
(
ir
a2
)
Γ
(
− iq
a2
)
×
(a1a2
2pi
)i(r−q)/a2
Γ
(
r − q
a2
)
ζ
(
r − q
a2
)
.
(F8)
• 〈cqc†r〉M :
This is directly evaluated from the commutation
relation,
[cq, c
†
r] = cqc
†
r − c†rcq = δqr . (F9)
• 〈c†qc†r〉M :
〈c†qc†r〉M =
∫ ∞
0
dp
[
α∗(21)pqβ(21)pr
e
2pip
a1 − 1
+
α(21)pqβ
∗
(21)pr
1− e− 2pipa1
]
,
(F10)
where,∫ ∞
0
dp
α∗(21)pqβ(21)pr
e2pip/a1 − 1
= −
√
qr
4pi2a22
(a1a2
2pi
)− i(q+r)a2
Γ
(
− iq
a2
)
Γ
(
− ir
a2
)
× e pi2a2 (q−r)Γ
(
− i(q + r)
a2
)
ζ
(
− i(q + r)
a2
)
,
(F11)
and,∫ ∞
0
dp
α(21)pqβ
∗
(21)pr
1− e−2pip/a1
= −
√
qr
4pi2a22
e−
pi
2a2
(q−r)
(a1a2
2pi
) i(q+r)
a2
Γ
(
iq
a2
)
× Γ
(
ir
a2
)
Γ
(
i(q + r)
a2
)
ζ
(
i(q + r)
a2
)
.
(F12)
APPENDIX G: ROTATING FRAME IN
CYLINDRICAL COORDINATES
Previously we evaluated the Green’s function in the
rotating frame by substituting the trajectory of the de-
tector in the Minkowski Green’s function in Cartesian
coordinates. In this appendix, we shall demonstrate the
calculation of the same object, by expanding the field in
the cylindrical coordinate system, i.e, using (12). This
does not give any new information, but here we shall
be able to give the analytical expression of the response
function in a much more convenient way as the integra-
tion can be done. So for completeness this will be dis-
cussed here which may be useful in some situations.
In rotating frame proper time adopted to cylindrical
coordinates, the trajectory of the detector is given by
[26]
x˜(τ) =
(
γτ, σ, γΩτ, 0
)
. (G1)
Substituting of this in (13) yields
G+β (u˘) =
1
4pi2
∞∑
m=−∞
∫ ∞
0
dq
∫ ∞
−∞
dkz
× q
2ω
J2m(qσ)e
imγΩu˘
[
e−iγωu˘
1− e−βω +
eiγωu˘
eβω − 1
]
.
(G2)
Corresponding rate of the transition probability of the
detector is then
R(E) =
∫ ∞
−∞
du˘ e−iEu˘ G+β (u˘) ≡ I1 + I2 ; (G3)
where,
I1 =
1
(2pi)2
∞∑
m=−∞
∫ ∞
−∞
du˘
∫ ∞
0
dq
∫ ∞
−∞
dkz
×
[
q
2ω
J2m(qσ)
exp [−iγωu˘− iEu˘+ imγΩu˘]
1− e−βω
]
,
(G4)
and
I2 =
1
(2pi)2
∞∑
m=−∞
∫ ∞
−∞
du˘
∫ ∞
0
dq
∫ ∞
−∞
dkz
× q
2ω
J2m(qσ)
exp [iγωu˘− iEu˘+ imγΩu˘]
eβω − 1 .
(G5)
These integrations are evaluated in the following way.
Let us start with (G4). Performing the integral upon
u˘ first we get,
I1 =
1
2pi
∞∑
m=−∞
∫ ∞
0
dq
∫ ∞
−∞
dkz
×
[
q
2ω
J2m(qσ)
δ[E + γω −mγΩ]
1− e−βω
]
.
(G6)
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From the value delta function and the relation ω2 = q2 +
k2z can write,
ω = (m− E¯)Ω = δ; E¯ = E/(γΩ) (G7)
k0 = ±(δ2 − q2)1/2 (G8)
where k0 are the roots of kz. As E > 0 and ω > 0, the
value of δ will be positive provided m > E¯. Keeping this
in mind the above is expressed as
I1 =
1
2pi
∞∑
m=E¯
∫ ∞
0
dq
∫ ∞
−∞
dkz
× q
2ω(1− e−βω)J
2
m(qσ)
[ δ(kz − k0)
γ|dω/dkz|k0
] (G9)
The two roots of kz give equal contribution, and as kz is
real, the upper limit of q can be set to δ to evaluate the
integral.
I1 =
1
2piγ
∞∑
m=E¯
∫ δ
q=0
q dq
(1− e−βδ)
J2m(qσ)
(δ2 − q2)1/2
=
1
2piγ
∞∑
m=E¯
(
δ (σδ)2m
Γ(2m+ 2)
)(
1
1− e−βδ
)
× 1F2
[
(m+ 1/2); (m+ 3/2), (2m+ 1);−(σδ)2
]
(G10)
The second integral I2, also corresponds to positive fre-
quency as is given by,
I2 =
1
(2pi)2
∞∑
m=−∞
∫ ∞
−∞
du˘
∫ ∞
0
dq
∫ ∞
−∞
dkz
× q
2ω
J2m(qσ)
exp [iγωu˘− iEu˘+ imγΩu˘]
eβω − 1
(G11)
Similarly we can write in terms of delta function,
I2 =
1
2pi
∞∑
m=−∞
∫ ∞
0
dq
∫ ∞
−∞
dkz
× q
2ω
J2m(qσ)
δ(−γω + E −mγΩ)
eβω − 1
(G12)
and,
ω = (−m+ E¯)Ω = δ′; E¯ = E/(γΩ) (G13)
k0 = ±(δ′2 − q2)1/2 (G14)
As ω > 0 the value of δ′ will be positive when m < E¯.
So, the sum will be
I2 =
1
2pi
E¯∑
m=−∞
∫ ∞
0
dq
∫ ∞
−∞
dkz
× q
2ω(eβω − 1)J
2
m(qσ)
[
δ(kz − k0)
γ|dω/dkz|k0
] (G15)
If we change m→ −m the Bessel function J2−m(qσ) =
J2m(qσ) remains the same, as m is an integer. Using this
fact, I2 can be written as,
I2 =
1
2piγ
∞∑
m=−E¯
∫ δ′
0
dq
q
(eβδ′ − 1)
J2m(qσ)
(δ′2 − q2)1/2
=
1
2piγ
∞∑
m=−E¯
(
δ′ (σδ′)2m
Γ(2m+ 2)
)(
1
eβδ′ − 1
)
× 1F2
[
(m+ 1/2); (m+ 3/2), (2m+ 1);−(σδ′)2
]
.
(G16)
Finally, the response function can be obtained by eval-
uating the sums in I1 and I2. One can check numerically
that the sum over m converges.
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